The theoretical considerations begin by inspecting Abragam's [1] formula for the SNR of magnetic resonance detected with a standard LC resonance circuit at the frequency = 2 .
I. Abragam's formulation of SNR
The theoretical considerations begin by inspecting Abragam's [1] formula for the SNR of magnetic resonance detected with a standard LC resonance circuit at the frequency = 2 .
Given the quality factor of the input coil Q = 0 L/R, the sample volume V, the magnetization 
(S1). 4 H M V SNR k Q k T =
The constants 0 and k 0 are the vacuum permeability and a factor describing the B 1 field homogeneity of the coil (k 0 ~ 1 for a homogeneous B 1 field), respectively. In Eq. S1, the square root of SNR is proportional to Q 1/2 and to the ratio between the magnetic energy 
If the coil volume shrinks in the same proportion as the sample volume V, then Eq. S2 simply
Thus, the SNR does not depend on n but rather depends on the square root of V. Figure S1 shows the essential parts of the EHQE resonance circuit consisting of a thick cylindrical input coil with its geometrical parameters D i = H, outer diameter D a , number of turns n, number of turns per layer W = H/d (d = wire diameter), a transfer line, a tuning capacitor C, an external inductivity with a high Q-factor, and a differential amplifier whose voltage and current noises are denoted as e n and i n , respectively. The electrical properties of the input coil are given by the inductivity L, the AC resistance R , and the quality factor Q = L /R, and those of the external coil are L E , R E , and Q E = L E /R E , respectively. It is assumed that the AC resistance of the transfer line is small (however, it can be included as a small additional term in R) and that the Q-factor of the tuning capacitor Q C ~ 10000 > Q. Both the current noise (i n ) and the voltage noise (e n ) of the differential amplifier are not yet neglected.
II. Signal and noise model for EHQE-NMR
According to the principle of reciprocity [2] , the voltage which is induced in the input coil by a precessing nuclear spin ensemble is given by 
Inspection of the particular solution of Eq. S3 with the ansatz I(t) = I 0 exp(i t) leads to the result that a maximum current I 0 max exp(i t) flows in the circuit if the resonance condition = = L tot C is fulfilled. At resonance, the maximal signal voltage 
The factor Q E /(1+R/R E ) on the right-hand side of Eq. S4 is equal to Q red , which is the reduced quality factor and describes the enhancement of the NMR signal induced in the input coil. The total noise measured at the bandwidth including Johnson noise of the input coil, voltage, and current noise (e n , i n ) of the differential amplifier is given by 2 2 2 2 2 n tot tot n B to tot 4 ( S 5 ) .
The term Q tot = L tot /R tot describes the total quality factor of the resonance circuit and
tot is the total impedance seen at the input of the differential amplifier. For an EHQE resonator with high values of Q E >> 100 and with Q tot ~ 300, the impedance R tot Q 2 tot in resonance is typically in the megohm range so that the voltage noise e n in Eq. S5 (typically a few nV/Hz 1/2 ) can be neglected. Some FET differential amplifiers operating in the lower frequency regime (1-500 kHz) have a current noise i n < 10 fA/Hz 1/2 so that
Thus, the current noise term can also be neglected. Assuming that the detection bandwidth is dominated by the width of the EHQE bandpass curve which has a bandwidth of = /(2 Q tot ), then the noise term in Eq. S5 is reduced to
III. Model for a thick cylindrical input coil
Since most experimental results were obtained using thick cylindrical input coils with many turns n >> 10, the standard expressions for the inductivity L, the AC resistance R, and the sensitivity B 1 /i for a thin cylindrical coil [2] (condition: 
where denotes the specific electrical resistance of the wire. The factor (1 + n /W 2 ) 2 in Eq. S9
and the terms containing W in the square bracket of Eq. S10 both account for the increasing enclosed area and length of the wire due to the increasing diameter of the thick input coil. The term in the square bracket including the prefactors in Eq. S10 describes the DC resistance of the thick input coil. The skin and proximity effects in Eq. S10 are abbreviated as Skin and Prox and represent the main AC loss factors in the copper wire. According to [3] , these two loss factors can be expressed as Skin = 0.5 sinh + sin cosh -cos and Prox = (2/3)(k max 3 -k max ) sinh -sin cosh + cos The parameter = d/2 is called the skin parameter and is proportional to the ratio of the wire diameter d to the skin depth .
IV. The core of EHQE-NMR theory
The SNR of EHQE-NMR is given by the ratio of signal Eq. S4 to the noise Eq. S6 and by inserting Eq. S8 for B 1 /i,
Eqs. S9-S11 represent the core of the EHQE theory and allow a quantitative analysis of the 
V. Experiments supporting EHQE-NMR theory
All of the aforementioned features described by Eqs. S9-S11 fully agree with the 1 H NMR measurements of benzene in Fig. 3 The term L for the input coil is given by Eq. S9. The term R is determined by the value given by Eq. S10 and by an offset (~0.5-1 ) which is attributed to AC losses in the transfer line.
Deviations in the experimental values of n max from values predicted by Eq. S12 appear at 20-83 kHz in Fig. 3 (main text). To obtain exact values for n max at low frequencies, Eq. S11
needs to be evaluated numerically with all nonlinear terms in n, searching for a maximum SNR.
VI. SNR comparison of EHQE-NMR to high-field NMR
The SNR for standard NMR in high field given by Eq. S2 can be compared directly to EHQE-NMR Eq. S11 provided that all nonlinear n terms in Eqs. S9-S11 are neglected. Assuming the same initial polarization P for a high-field and low-field EHQE-NMR experiment and neglecting proximity effects, the SNR in high field (Q NMR ~ 30, n NMR ~ 3, L NMR ~ 1 nH at 500 MHz) is comparable to the SNR of EHQE-NMR at low field (Q red ~ 300, n ~ 90,
For Q red > 300, the SNR of EHQE-NMR is expected to be better than standard high-field NMR.
VII. Predictions from EHQE-NMR theory
The model based on Eqs. S9-S11 is also useful for identifying the best possible SNR max when more than one parameter changes. One example is demonstrated in Fig. S2 , where the SNR is plotted as a function of the number of turns n and the wire diameter d at a frequency /2 = 500 kHz, and for Q E = 314, D i = H = 1 cm. An absolute maximum SNR max = 300 exists at n max = 65 and d max = 0.3 mm. For the slice in Fig. S2 with d = 0.12 mm, the maximum value is SNR max = 190 at n max = 75, which is close to the experimentally measured value for SNR max at 500 kHz (see Fig. 3 , main text).
The analysis in Fig. S2 for determining the SNR max in a two-parameter space {n, d} can be repeated for other frequencies , keeping Q E = 314 constant and adjusting L tot at constant C to fulfil the resonance condition. This yields an n max and a d max for every SNR max at every given frequency. scenarios, the skin effect was included (see Eq. S10, section III) and n max is determined by varying n. As a rule of thumb with increasing frequencies, n max decreases, whereas d max increases. In the first scenario (dotted line), the proximity effect is neglected (Prox = 0) and both n and d are optimized to obtain the corresponding SNR max . Starting at = 1kHz, the maximum signal to noise ratio first increases roughly with SNR max ~ to a threshold at th ~ 80 kHz; then, SNR max = 300 remains constant up to 10 MHz. The values of SNR max below ~ 80 kHz are decreased because at lower frequencies, large numbers of turns n result in a large outer input coil diameter, leading to a reduced coil sensitivity B 1 /i and to a higher DC resistance (which is nonlinear to n, see Eq. S10).
If the proximity effect is included (2 nd scenario, dashed line), the SNR max starts to drop below ~ 1 MHz until it reaches SNR max = 54 at 1 kHz. In the kHz regime, there are many turns n and a large number of layers k max in the input coil, leading to an exploding proximity effect Prox ~ k max 3 (Eq. S10).
In the 3 rd scenario (dash-dotted line), Prox = 0 and d = 0.12 mm are fixed. At /2 > 1 MHz, the skin effect (skin depth ~ 0.065mm @ 1MHz) becomes important at fixed d = 0.12 mm.
At frequencies > 1 MHz, the skin depth decreases further and an increasing portion of the conductor with constant diameter becomes unutilized, and consequently SNR max drops with increasing frequency. Between 10 kHz and kHz, the SNR max is rather flat, and close to 1 kHz, the SNR max converges to the value of the 1 st scenario. The 4 th scenario (solid line) comes close to the real experiment by including the proximity and skin effects at a fixed d = 0.12 mm. Here, at low frequencies (10-500 kHz) SNR max increases weakly with approximately SNR max ~ (see Fig. 4a , main text) until it reaches a maximum at about 500 kHz. The experimental results (circles) are in good agreement with the theory (solid line).
The slight deviations of the experimental data from the theoretical expectation results from used for the theoretical prediction.
In future, further experiments will be needed in order to verify the predicted theoretical behaviour over a larger frequency range and at exact values of Q E. 
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